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The problem of the motion of a piston struck by an expanding gas with
adiabatic index 11/9 was solved by series by Love [1].

For any adiabatic index y this problem is reduced herein to the solu-
tion of an ordinary nonlinear differential equation.

An exact Bessel function solution of that differential equation is
obtained for the case y = 1.67 (monatomic gas).

1. A gas at rest, whose pressure is Pgs density Py and speed of sound
ag, is between two clamped pistons in an infinite tube of constant cross-
section. The pressure is zero outside the space between the pistons. The
mass of each piston is m. The pistons are released at time ¢ = 0. The
subsequent motion of the pistons under the effect of the gas pressure
is studied. The gas will be assumed perfect, inviscid and non-conducting.
The friction of the piston on the tube walls is neglected.

Let h be a Lagrange coordinate; u(h, t) an Euler coordinate; vy the
adiabatic index. The pistons have the coordinates h = 0 and h = 21; the
tube cross-sectional area is F. The equation of the gas flow between
the pistons is

u du \-1-1 5%y
= (F) o —a<h<O (1.

For t = 0 we have the initial conditions
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As boundary conditions we have

Bu du \~
mw=ﬁ’po(—a-’-‘-) where h = 0 'z‘
Pu du \~
mag = — po(—h—) where h = — 21 (1.2) : AE
|
Let us introduce nondimensional quanti- i
ties by means of the formulas: |
_* _{r—1) Fpoao - a <
TET = 21m ! o= ao D &
T—1 ou u
L e T 0= (1.3)
A
_T—1mFl_y—im ’ a g
ST m Ty m -2 7 0 °
Let us note that only two nondimensional Fig. 1.

constants p and y enter into the initjal

data, boundary conditions and equation of

motion., Here u is defined by the adiabatic index and the ratio of the
mass of the gas to the mass of the piston; mg is the mass of gas in the
volume 1 < h < 0. In the new variables the pistons have the coordinates
x =0 and x = - 2. The diagram of the flow in the x, T plane is given
in Fig. 1. As is known, at the initial instant, simple waves proceed
from the pistons toward each other (the zones ARB and AQD in Fig. 1).
After meeting, the simple waves start to interact (zone ABCD of Fig.1).
After interaction, the transmitted wave is reflected from the piston
(Zgne BCE of Fig. 1). The wave interaction and reflection from the
piston are duplicated in the subsequent motion. In the simple wave Zzone
the velccity and coordinate of the piston x = 0 are determined from the
formulas [1,2]:

=(1—-v)2"—1+2nv T+ 1

p=4—(+29)7/" 0 mi—on™ ' "TZa—9

(1.4)

which are valid up to the instant when wave reflection from the piston
starts (point B in Fig. 1).

The velocity, time and coordinate of the piston corresponding to the
point B are

ve=1— (A + )" gy =Ys p 2+ ) (1.5)

_ i+ @n—1 (4 m—2n (4 )"
o np

O

The problem of simple wave interaction (zome ABCD in Fig. 1) is
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considered [1-5]. A solution for the zone of reflection from the piston
(BCE in Fig. 1) is given below, Let us intro-

r , duce nondimensional Riemann variables by means
é ————— 3 /A of the formulas:
/F/ 7 Y, 0 \-(v-1)/
Y , 20_ )—(Y—l 2 (_)— /2
£ ”/ ~7 ID v+(8z = 2r, v — oz =2 (1.6)
// |
N / i From (1.6)
N e i
/ i s
ﬁéf 00 _ _
SN Z v=r—s =0+ s=ris
Fig. 2. The diagram of the flow in the r, s plane is

depicted in Fig. 2. The rest zone ARQ is mapped
in the r, s plane by the point A(1/2, 1/2). Simple waves are mapped in
the r, s plane by the lines AB and AD (Fig. 2). The zone of simple-wave
interaction is mapped in Fig. 2 by the square ABCD.

The point B(1/2, 1/2 — v ) in Fig. 2 corresponds to the beginning of
the first reflection from tﬁe piston x = 0; the point D(1/2 — v , 1/2)
is the beginning of the reflection from the piston x = - 2. The‘zone of
reflection of the transmitted wave from the piston x = 0 is mapped in
the r, s plane by the curvilinear triangle BEC, The curve BE will be
the image of the piston x = 0 in the r, s plane.

2. Let us show that the number of wave reflections from the piston
is finite and let us find the upper bound of this number. Let us draw
the line r — s = v (the segment KB) in Fig. 2. It is seen from the
sketch that the point K falls on the line r + s = 0 at v, = 1/3.
Actually, in this case the point B has the coordinates (1/2, 1/6) and
we have the coordinates of the point K(1/6, -1/6) from the equality
BC = KC, The curve BE which always lies above the curve KB certainly
intersects the line r + s = 0 in the zone of the first reflection from
the piston in this case. But the intersection of the curve mapping the
piston with the line r + s = 0 denotes the achievement of zero speed of
sound and zero pressure at the piston. This is only possible in the
limit as T = o, Therefore, only one reflection from the piston occurs
for + > 1/3. The characteristic CE in Fig. 1 does not intersect the
line ; = 0 for v > 1/3 (the characteristic does not reach the piston).
The possibility of such a phenomenon was first noted by Staniukovich
[2}. Expressing v from (1.5), we obtain the values of y for which only
one reflection fram the piston occurs:

w> | () 1]

In an analogous manner it is easy to obtain the general formula for
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the values of pu for which not more than k reflections from the piston
occur:

s (T -

3. It was shown [6] that with the exception of the simple-wave zone
and the zone of constant solutions, the Riemann equation
(3.1)
is equivalent to equation (1.1).

The function v(r, s) satisfies an analogous equation and can also be
determined from the relations

dz 2 at dz 2 ot
il G B R b atirrel Gl S il (3.2)

Let us formulate the boundary conditions for equation (3.1) in the
square ABCD and the curvilinear triangle BEC (Fig. 2).

The conditions on the line AB can be obtained from the solution for
the simple wave (Fig. 1) in the zone ARB.

From (3.2) we have correspondingly on the characteristic AB

BalefE gl e

Here T is the value of T at the intersection of the characteristic
with x = 0. Eliminating v and using (1.3), we have on AB and AD,
respectively, (on AD by analogy):

oz nr _ 1 | ﬁ_n(z+2)_l 1 34
o 1/2+s  piiz¥s: or r¥ij2 - pryi72 G4
Solving (3.4), we obtain
1 n 17 1 n
z(s) = — (3 + s) + El.i_(_z- + s) ] on AB (3.5)
1\n 1 i\n
x(r)=—2+(r+§‘) —-’J[i——(r-*‘j)] on AD (3.6)

The condition on the curve BE is:
z(r,8) =0 3.7
In the r, s variables the piston-motion equation (1.2) is

dv

LR 3.8)
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The relation (3.7) is the boundary condition for (3.1) on the unknown
curve BE. Equation (3.8) is used to find the curve BE. Conditions (3.7)
and (3.8) can be represented in more symmetric form. We have on BE from
(3.2), (3.7, (3.8):

ox 1 dv az 1 dv
o= a9ty o prtatyy 3.9)

Hence, the boundary conditions for x(r, s) on the two intersecting
characteristics AB and AD (Goursat problem) are given for (3.1) in the
square ABCD by (3.5), (3.6). The solution of this problem for (3.1) with
the boundary conditions (3.5), (3.6) is given in [l] by the Riemann
method [6]. The values of x(r, s) on the characteristic BC can be found
from this solution. Then the values of x(r, s) on the time-similar curve
BE and the characteristic BC (mixed problem) will be given in the curvi-
linear triangle BEC., The existence and uniqueness of the solution of
the mixed problem for linear equations was proved by Goursat [7] by
successive approximations. Hadamard showed that the Riemann method can
be extended to the mixed problem (see [8] for example). The solution of
equation (3.1) under conditions (3.7), (3.8) is given in series by Love
[1]. But the numerical computations in that paper are carried out only
for n = 5, u = 0.04364. Because of the awkwardness of numerical computa-
tions for other values of y and n no others were carried out. A method
of solving (3.1) under conditions (3.7), (3.8) based on the use of the
Green’s formula and the Riemann method is given below.

If M[w] is an operator adjoint to L[x], then the following well known
identity is valid:

M [w]—wL [2) = —;,—[x(%’+ r—f}s—)] — ;—s[w (4= - ; = )] (3.10)

Let F(ro, sg) be an arbitrary point on the curve BE. Let us impose
the conditions

i ow nw
M w] =0, Bs + P 0 on FG 3.11)

on the function w.

The function

(s + r" (r — r)"
w =

"t 9 (3.12)
satisfies conditions (3.11), for example.

Let us integrate (3.10) over the area of the curvilinear trapezoid
ABFG and then let us use the Green’s formula and the relations (3.1),
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(3.7), (3.11):

ASB’<aw+'n+wS)ds+ Spw-d—r—dr-i—Sw(ar ;—";%)w:o (3.13)

Substituting the values of w and x from (3.4), (3.9) and (3.12 into
(3.13) and using s = r — v, we obtain the nonlinear integral equation

(r——v-{—ro)"(r—-ro) n/q n
@2r — vy d’ dr = p'(2 + ro) (7- ") +

1/2

C Gt rm/2—r)® 124 ) (r— r)®
+§ g e ds — (2 (i/zri f)’,,,ﬂ"" dr (3.14)
1/2

=1/2— v,, 1/2— v, < rpK1/2

1/2

Hence, the piston velocity v = v(T) is determined by using (3.8).

When n is a positive integer equation (3.14) is reduced by means of
2n + 1 differentiations with respect to ro to the nonlinear differential
equation

2n—1

d"‘ m! amm 1 dv
e [ @r — v)n+1 dr ] + m_%-f-l (m — n)! 2n — m)! dr2"_m[(2,- — 7;'] +
+ & ! av (3.15)

nl@r — )P dr T

(the subscripts on the r, are omitted here). The initial data for equa-
tion (3.15) are determined easily in the process of successive differ-
entiation of (3.14). Later we shall write them down for the values

n = 1; 2, If the solution of (3.15) has been found, then the values of
x, Ox/9r, Ox/Js are determined from the relations (3.7), (3.9) on BE.
Then we have a Cauchy problem for equation (3.1) in the triangle BEC,
which can be solved by the Riemann method [6]. Later we shall be satis-
fied with finding the piston velocity v.

4. For n = 1 (y = 3), equations (3.15), (3.8) have the form

2 d d
= =0, = @r— o 4-1)

d 1 dv
d

dr [ 2r — o)} dr]+ @r— )3 dr

The initial conditions for these equations are

o(f)=chur (Ehan=—1 <F)-EET @

Equation (4.1) is invariant with respect to the two-parameter group

of transformations:
v==av + B, r=ar +1/28 (4.3)
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This circumstance affords the possibility of integrating (4.1) in
elementary functioms. Let us present the final result for the piston
velocity as a function of time

L S PRIV /4 =X ST 7 .

N i-1-:xL‘ ! 2t +1 4v 1 — 2p — P

oy

Staniukovich obtained the solution for this case. by another method

(2].

5. For the case n = 2 (y = 1.67), equations (3.15), (3.8) have the
form ©.1)

d? i dv d 1 dv 12 dv dv
r [(Zr—- P dr]+6 ar [(Zr— s dr]+ er—opar = = @

The initial conditions for these equations will be

E) I (G S

2 ¥ 1+a" ’ dr r=1/% V1 +2F' (5.2
d?v -~ 3 (1 .

—_— =—15V¥1 — =} 12, 5 )=n (4
()., . VIFE —yr + (3)=p ttn

The first equation of (5.1) is invariant with respect to the groups

(4.3). Hence the order of the equation can be reduced by two. To do
this let us make the change of variable:

2r— v = €%, dv [ dr =y, dy/dp =z 5.3)

After the change of varjable (5.3), we obtain an Abel equation of the
second kind:

121 — 9+ C— 90y —8) 2 — 22—y + 2 —y)zdz/dy =0 (5.4
Furthermore, the substitution q = 2(2 — y) yields
Ry —y)*+20y—4) g+ gdg/dy=0 (5.5)

Equation (5.5) has the particular solution g, = — 2y’ + 2y. After
substituting ¢ = ¢ + qy» We obtain

Bly—Dv+W—2¢y(y—NDdp/dy=20 (5.6)

By the change of variables

v=—20+zw,  v-—nlt+gw)
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(5.6) 1is reduced to a special Riccati equation:

dan 1
'&%_”2"1’=§ (5.7

Equation (5.7) cannot be integrated in terms of elementary functions
or quadratures for the given right side (Liouville theorem [9]). The
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solution of (5.7) expressed in terms of Bessel functions (Schaffli solu-
tion [9]) has the form

Jors) +J 5,50 1 V2

T W=, Ty M= T emeomst (68)

Let € , A denote the values of € and A for r = 1/2. Using the
L 3 *
initial data (5.2) and the transformation formulas relating r, v to the
variables €, A we obtain

2=ttt A — [2(1+ w72 — 172
€y = 21 +2“)—1/2_ ”1/2 ' ‘_9+3(1 +2P')—1_ 6(1 +2“)—1/2

The following expression for the arbitrary constant can be found
from (5.8) and (5.9):

(5.9)

Eoly/a(he) + T 5,5 (Re)
€ad_y /5 (he) — T, 5 (Aa) (5.10)

c =

Returning to the v, T variables and using (5.2) we obtain the piston
velocity, the time at the piston and the speed of sound at the piston
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as a function of A

A A
2 (\) = v.—S 6 () e)dht () = ta —S 80(3' )(A‘i" (5.11)

. ‘)‘ 2 ¢ dA -

o (A).= 0. exp[§ e(A) dh + = § x(,_}_“]
O = 1— v, 5.12)

From the definitions of v and § we have
A

‘;—2"=4";2v, e=e.+%8 v%dx (5.13)

*

Let us introduce the notation

A} = ch/a * + J-z/a A), Ae=AM)

BMN=cl_ ;30— Jy,3(4), Be=Bk) (5.14)

From the recursion formulas for the Bessel functions we easily obtain

(o]

1 dB 2 dA
= — - B %7 = .2 &L A5
4 3AB d\ ? B 3A.A+d?u (5-45)
Substituting (5.14) into (5.12), we find
A
2 B?
o(h)=o.expS [ + 5 T A“+B’] dA (5.16)
A,

Using (5.15), we have

d 2
a2 (4?4 BY) = — 3 [24% - B?) (5.47)
Let us represent the equality (5.16) in the form

1 dB B 4 4
U(K)—U*expx [—_"7 o 3x A B _ﬁ+ﬁ]d"
A.

Hence

([L_ 148 22434 B
o (M) = oy exp | [T—F o) A,+B,]dx (5.18)
A,

Integrating (5.18), taking account of (5.17), we obtain the speed of
sound at the piston

«B A [A42 (A B2 (A
oM = Ay (Aoz _;B*z) [ (1; (—i_M w1 (5.19)
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In an analogous manner, we obtain from (5.11) to (5.15)
(5.20)

_ At (Ae + BMt (1 AMB® 3 1
T =+ g {2 PANTBEMF AV A TR0
4 AR 3 4
2 MP (4,2 4 B 4 A3 (AL + B.’)'}
A

B 4 Be
2B 5\ BW b~ — ot — § T X

2
oW == B =T AT B

z "z/suk (}")1

k=0 -

X[Z Jersrm ) — ¢ Z Jo 342k A) — 2 Jorssak (o) + ¢
k=0 k=0 k=0

6 3 * .’ .’ l. " " i d
0 =0, + vl — g+ 3 AUTEEN ) UL

9 A (442 + B 1 1
X(v—va) + 50 =g 35,3 {w M A M) + B (W] AB, (A, + B.’)}

Formulas (5.19) and (5.20) afford the possibility of determining the
piston velocity and the speed of sound at the piston in the first re-
flection zone. Examples of the numerical computations are given in Figs.
3 and 4. (The open circles are the ends of the simple waves.)
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